Abstract. Let L be a nonsymmetric second order uniformly elliptic operator with general Wentzell boundary conditions. We show that a suitable version of L generates a quasicontractive semigroup on an L p space that incorporates both the underlying domain and its boundary. This extends the earlier work of the authors on the symmetric case.
Introduction
In his study of the diffusion limit of the celebrated Wright-Fisher genetic model, W. Feller [4] showed that the limit of the corresponding n-state Boundary conditions such as the one above (i.e. Au = 0 on the boundary) were later introduced by A. D. Wentzell [10] .
Now, let
Lu :
) is a uniformly positive definite real symmetric matrix in C
1
(Ω), and the modulus of ellipticity is α 0 > 0:
where ν = (ν 1 , ..., ν N ) is the unit outer normal to ∂Ω at x. Of course,
when L is the Laplacian ∆. The general Wentzell boundary condition for this problem is
where α, β, γ ∈ C 1 (∂Ω), α > 0 and β > 0. Without loss of generality we may take α ≡ 1. Let A denote the operator L with this boundary condition. Problems involving A were studied on
Beginning in [3] in 2002, we developed an L p theory for problems involving A. We showed, among other things, that the closure A p of a suitable realization of A generates a (C 0 ) quasicontractive semigroup on
where
for E a Borel set and dS denotes the usual surface measure on ∂Ω; here 1 ≤ p < ∞. We view X p as the closure of C(Ω) in the X p norm for p finite; and we define X ∞ = C(Ω). The generation result mentioned above holds on X p for 1 ≤ p ≤ ∞. Analyticity and other results hold as well; see [2] for the most recent results. We note that A 2 is self-adjoint and bounded above (by γ − ∞ ) on X 2 . The purpose of this paper is to present an analogue of the above result in the nonsymmetric case. We shall treat the uniformly elliptic case.
The main results
As before, let
with boundary condition
where L is the symmetric version of M corresponding to replacing each of b, c by zero. Let
(Ω) : (2.2) holds},
Then, for all u ∈ D 0 and all v ∈ C 1 (Ω),
To see why this holds, let r = Re u, s = Im u. Then ∇u = ∇r + i∇s and
whence, using obvious notation,
and (2.3) follows. Next, by the Cauchy-Schwarz inequality, denoting by
we have
Here w + (resp. w − ) is the positive (resp. negative) part of w. Thus A 0 is quasi-dissipative on X 2 . The fact that A 0 − λI has dense range for all sufficiently large real λ follows from an application of the Lax-Milgram Lemma as in [3] . Of course in [3] the Lax-Milgram Lemma for symmetric sesquilinear forms was used; now we appeal to the nonsymmetric form (cf. [6] , [7] , [8] , [9] ). This completes the proof that A 2 , the X 2 -closure of A 0 , is quasi-m-dissipative. It generates a positive semigroup since
is a positive operator for large λ > 0. (See [1] , [5] .) The extension to X p , for 1 < p < ∞, follows the method used in [3] , as does the extension to the limiting cases of p = 1, p = ∞. Since no new ideas are necessary we omit the details. The following summarizes what we have just proved. This semigroup is analytic, but we defer a precise statement of results of this type to a later paper.
